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ABSTRACT 

We study the three-dimensional effective action obtained by reducing eleven-dimensional 
supergravity with higher-derivative terms on a background solution including a warp-factor, 
an eight-dimensional compact manifold, and fluxes. The dynamical fields are Kahler deforma¬ 
tions and vectors from the M-theory three-form. We show that the potential is only induced 
by fluxes and the naive contributions obtained from higher-curvature terms on a Galabi-Yau 
background vanish once the back-reaction to the full solution is taken into account. For the 
resulting three-dimensional action we analyse the Kahler potential and complex coordinates 
and show compatibility with Af = 2 supersymmetry. We argue that the higher-order result is 
also compatible with a no-scale condition. We hnd that the complex coordinates should be 
formulated as divisor integrals for which a non-trivial interplay between the warp-factor terms 
and the higher-curvature terms allow a derivation of the moduli space metric. This leads us to 
discuss higher-derivative corrections to the M5-brane action. 
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1 Introduction 


Three-dimensional effective theories arising from M-theory on eight-dimensional compact man¬ 
ifolds are of both conceptual as well as phenomenological interest. For example M-theory 
backgrounds that admit a torus hbration allow a lift of the three-dimensional theories to four 
dimensions |T] that can be phenomenologically compelling. The four-dimensional theories are 
minimally supersymmetric admitting four supercharges if the three-dimensional effective the¬ 
ories are Af = 2 supersymmetric. With this motivation in mind, we will study in this work a 
general class of M-theory reductions and argue that they are compatible with J\f = 2 super- 
symmetry. More precisely, we analyse the perturbations of warped solutions with an eight¬ 
dimensional compact internal manifold and background fluxes. 

The background solutions of interest have hrst been considered in [2]. At leading order 
the background is simply a direct product of three-dimensional Minkowski space and a Calabi- 
Yau fourfold without background fluxes. When including background fluxes and all relevant 
higher-derivative terms it was shown that the internal background is conformally Kahler with 
vanishing hrst Chern class, but that the metric is non-Ricci-hat even when allowing for a 
conformal rescaling including the warp factor PS]. A complete check of supersymmetry at 
this order of derivatives is still missing. However, using a proposed correction the eleven¬ 
dimensional gravitino variations based on [5l[6] it was shown in |1] that supersymmetry can be 
preserved by this background. The huctuations of this solution were then studied in [7] and 
their three-dimensional effective action was derived by dimensional reduction. More precisely, 
a hnite number of Kahler deformations of the metric and vector deformations of the M-theory 
three-form were included when reducing the leading eleven-dimensional supergravity action 
of [8] corrected by the terms fourth order in the Riemann curvature [9HI5|, and the higher- 
derivative terms quadratic in the M-theory three-form [16]. The resulting effective action was 
given to quadratic order in the scale parameter a oc where is the eleven-dimensional 
Planck length. The present work is a continuation of [7], which discusses in more detail the 
scalar potential and the supersymmetry properties of the three-dimensional effective theory. 

In reference [7] it was shown that the number of Kahler deformations and vector zero modes 
are still given by the dimension of the second cohomology of the compact manifold. While the 
Kaluza-Klein reduction is originally no longer performed by an expansion into harmonic forms 
of the underlying Calabi-Yau geometry, it was shown that all corrections, associated with these 
alternative fluctuations, drop from the effective action. The kinetic terms for the deformations 
and vectors in the three-dimensional effective theory were written in terms of a single higher- 
curvature building block Zmmnn = A{^8^8R^)mmnn, wliere R is the internal Riemann tensor in 
the underlying Calabi-Yau metric]^ Furthermore, in [7] the warp-factor was fully included in 
the reduction. It was shown that the effective action contains integrals depending on the bare 
warp-factor and its hrst derivatives with respect to the Kahler structure deformations. Re- 

^The equivalent quantity on a Calabi-Yau threefold was found to be important in m- 
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markably, these derivative couplings only appear through covariant derivatives under a moduli 
dependent scaling symmetry under which the Kahler structure deformations and the warp- 
factor transform. The classical leading order three-dimensional Af = 2 theory obtained from 
M-theory on a Calabi-Yau fourfold with background fluxes was hrst found in [HI[19], while 
recent derivations of AA = 1 effective theories arising from M-theory flux compactihcations can 
be found in [20] - |2^ . Let us note that previous works on warped compactihcations of M-theory 
and Type IIB include |23fl33] . Our analysis of the Af = 2 supergravity data also extends the 
works [3H136] . which presented a partial reduction from eleven to three dimensions includ¬ 
ing some of the relevant higher-derivative terms. Recent interesting results on dimensional 
reductions with higher-derivative terms can also be found in [371!^ . 

In a hrst step, and as completion of the results of [7|, we derive the scalar potential for the 
Kahler structure deformations by dimensional reduction. Interestingly, reducing the higher- 
curvature terms on the leading order Calabi-Yau background it appears that they become 
massive with a coupling purely depending on the geometry. However, we will show that these 
mass terms are precisely cancelled by the higher-order corrections in the solution arising as a 
back-reaction ehect. The remaining scalar potential is only induced by background huxes as 
in [19]. This gives a further test that the included huctuations are indeed the relevant light 
degrees of freedom and highlights the interplay from back-reaction effects in the solution and 
the corrections to the effective theory. 

In order to reveal the supersymmetry properties of the three-dimensional effective action we 
discuss its promotion into the standard Af = 2 form. In three space-time dimensions massless 
vectors are dual to scalars and the dynamics of the light modes therefore should be describable 
by a Kahler potential and a set of complex coordinates. We study the order by order expansion 
of the Kahler potential and complex coordinates in the Kahler structure fluctuations. The 
coefficients are deduced by comparison with the dimensionally reduced action. We infer com¬ 
patibility with Af = 2 supersymmetry and argue that a no-scale condition can be implemented. 
Since the dimensional reduction only includes the leading-order terms in the fluctuations we are 
not able to completely £x all coefficients by the comparison alone. The fundamental ‘all-order’ 
expression, as it is known for the classical reduction without higher-curvature terms [T8l[T9] . 
turns out to be even more difficult to hnd. We argue that this problem lies in hxing the com¬ 
plex coordinates and should be approached by introducing divisor integrals. These integrals 
should be matched with the actions of M5-branes wrapped on divisors. We make steps towards 
hnding an all order expression for the complex coordinates and Kahler potential. An intriguing 
interplay between variations of warped divisor integrals and higher-curvature terms via the 
warp-factor equation allows the compatibility with the dimensional reduction to be shown. As 
a byproduct this suggests that the M5-brane action should receive higher-curvature corrections 
that parametrise the non-harmonicity of the fourth Chern-form of the background geometry. 

The paper is organised as follows. In section |2] we recall the background solutions, introduce 
an appropriate set of fluctuations, and review the dimensionally reduced effective action follow- 
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ing m- In addition, we analyse the scalar potential and comment on a scaling symmetry of the 
effective action. The J\f = 2 supersymmetric structure and the no-scale condition are discussed 
in section [3l We derive the Kahler potential and complex coordinates as an expansion in the 
fluctuations and later propose a dehnition using divisor integrals. 


2 Dimensional reduction of the M-theory action 


In this section we hrst review the background solution of eleven-dimensional supergravity in¬ 
cluding higher-derivative terms following lami- We then introduce the variations of the solutions 
considered in [7] and show that at order they only admit a scalar potential due to background 
fluxes. We recall the complete three-dimensional effective action including all order ct^-terms 
following [7] and discuss its various building blocks and symmetries. 

2.1 Higher-order background solution 

To begin with we hrst review the warped solutions following M- These backgrounds satisfy 

the eleven-dimensional held equations to order The eleven-dimensional metric 

in this background takes the form 

ds‘^ = gmndy^dy^) + 0{a^), ( 2 . 1 ) 

where is the three-dimensional Minkowski metric and 

9mn ~ 9mn ■*" Cl 9mn ) . ( 2 - 2 ) 

The internal compact manifold will be denoted by W and $ and W are scalar functions on this 
space. W is the warp-factor and is constrained by a diherential equation (12.Qh . For simplicity, 
and in contrast to m, we will not always indicate the a-order at the symbol, i.e. we write 
<h = and W E Furthermore, we will use gmn = gmn fo denote the zeroth-order metric. 

All quantities, such as higher-curvature terms on lA, are always evaluated in this zeroth-order 
metric g^n unless indicated explicitly. This will simplify the notation compared to For 

example, <I> represents an eleven-dimensional Weyl rescaling and is given in terms of the lowest 
order metric gmn as 


$ = Z = *{Jacs), (2.3) 

where x- is the Hodge-star on I 4 in the metric gmn, J is the Kahler form built from gmn and C 3 
is the third Chern form built from gmn as 

C3 = -^7^^"A7^/A7^/ . (2.4) 
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In this expression we have used the definition of the two-form that is built from the 

Riemann tensor as = Rmnr^dy^^dy^. 

In order to give the expressions fl2.2l) and fl2.3l) we note that at zeroth order in a the 
background is a direct product and gmn is a Ricci fiat metric on a Calabi-Yau fourfold. We 
therefore can introduce complex indices, which here and in the following always refer to the 
zeroth order complex structure on the internal manifold. On a Calabi-Yau fourfold there exists a 
nowhere vanishing covariantly constant Kahler form J and holomorphic (4,0)-form O satisfying 

dJ = (iO = 0. (2.5) 

In what follows we will work in conventions in which the internal space indices are raised and 
lowered with the lowest order internal space metric gmn- At second order in a the metric is 
corrected by g^mn (12.2p . This is constrained by the higher-derivative Einstein equations that 
are solved by 

gmn = ^^^dmdnF , F = *{J A J A F 4 ) . (2.6) 

Here F 4 is a four-form parameterising the non-harmonic part of the third Chern-from. Since C 3 
is closed on a Kahler manifold we may write 

C 3 = Hc 3 + iddF^ , (2.7) 


where H indicates the projection to the harmonic part associated with the metric gmn- The 
expression fl2.6p implies that the metric gmn introduced in fl2.2p is still Kahler and that the 
internal part of the eleven-dimensional metric fl2.ip is conformally Kahler. 


The background also includes a flux for the four-form given by 


Gmnrs ~ OiCrmnrs 0(^Oi ) , 


a — € 3 f ^ o( 

^^upm ^ j 


Gmnrs ~ OiCrmnrs 0(^Oi ) , 

Sa'^W , 


( 2 . 8 ) 


In order that the eleven-dimensional field equations are solved to order by this background 
the flux G must be self-dual in the lowest-order metric gmn- This condition allows ( 2 , 2 ) and 
(4,0) + (0,4) components of the flux with respect to the lowest order complex structure. The 
profile of the warp-factor W depends both on the background flux G and the higher-curvature 
terms through the equation 

* 8 ^-a^Q 8 + O{a^) = 0 , (2.9) 


where 


= --G aG- = --G a G + 3072 C 4 . 

2 ^2 


( 2 . 10 ) 


In this expression C 4 is the fourth Chern-form evaluated in the metric gmn given by 




( 2 . 11 ) 
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Asserting that Y 4 is compact, the warp-factor equation fl2.9p implies the global consistency 
condition 



GaG 


x(y4) 

24 


( 2 . 12 ) 


where ^(Ki) = fy, W = fy, C 4 is the Euler number of I4. This implies that, by using the 
self-duality of Gjthe higher-derivative terms cannot be consistently ignored if one allows for a 
background fluxo 


Supersymmetry of the solution fl 2 . 1 |] . fl2.8|) has not been demonstrated to order This 
can be traced back to the fact that the supersymmetry variations of the fermions have not 
been derived to this order. In [1] a proposal was made for the gravitino variations including 
order terms based on [SIE], and supersymmetry was successfully checked. Asserting that 
the gravitino variations, as the ones proposed in [ 1 ], are unchanged at linear order in a, then 
the flux G satishes 


G 


mnrs 


0, 


(2.13) 


i.e. its (4,0) component vanishes, and respects the primitivity condition 


G aJ = 0 . 


(2.14) 


In this work we will provide further evidence that the solution preserves supersymmetry. We 
derive the three-dimensional action and demonstrate compatibility with three-dimensional J\f = 
2 supersymmetry. Furthermore, we show that the scalar potential vanishes to order when 
imposing fl2.13p and fl2.14l) . 


2.2 Considered variations of the background solution 

Having reviewed the background solution in subsection 12.11 we now include a well-dehned set 
of variations around this vacuum and recall the derivation of their effective action. 

Firstly, we will include vectors A* that arise in perturbations of the M-theory three-form C. 
These correspond to extra terms in the expansion of G of the form 

6 G = F^aujI''\ (2.15) 

where F* = dA* are the field strengths of A*, and u’f'’ are two-forms on the internal manifold. 
Importantly, it was argued in [7] that in the expansion ca)''' = only the harmonic 

part of contributes in the effective action. We may pick a;)° 4 v) pg harmonic and drop 
a;)^)(v). This implies that w)’'' can be chosen to be harmonic (l,l)-forms and one has i = 
1 ,...,dim(id^’^(T 4 )), where H^'^{Y 4 ) is the (l,l)-form cohomology of T 4 whose dimension is 
independent of the metric chosen on Y 4 . 

^The numerical factor in (I2.12p can be attributed to our normalisation of G with a and can be removed 
when moving to quantised fluxes 
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Secondly, one can analyse the Kahler structure deformations of the conformally Kahler 
metric in fl2.ip . We introduce variations 




(2.16) 


where gmn is the Kahler metric given in fl2.2p . The hn® correspond to scalars in the three- 
dimensional effective theory, while the is a set of two-forms on W chosen to ensure that 
the Kahler condition remains to be satished. Remarkably, expanding cuj"' = it 

was again shown in that only the harmonic part of cuj"' contributes in the effective action. 
We therefore drop and chose to be the same harmonic (1, l)-forms as in (I2.15p with 
i = 1,..., dim(if^’^(K 4 )), i.e. we set 




(0)(s) _ _ 


= UJi 


(2.17) 


where Ui are the harmonic (1, l)-forms in the Ricci-flat zeroth-order metric gmn- In the following 
it turns out to be convenient to dehne scalars containing the background value of gmn by 
setting 


9mn ^9mn ^imn 


(2.18) 


When discussing Kahler structure deformations one has to carefully vary the complete 
background solution. In particular, all metric dependent quantities, such as the scalar function 
Z introduced in (12.3p . vary non-trivially. The second order corrections to the background 
turn out to be crucial when determining the mass of the helds hn®. Recall that in general the 
primitivity condition (I2.14h is not preserved by all 6v^. This implies that one expects a scalar 
potential depending on the flux G as studied in the Calabi-Yau fourfold reductions with fluxes 
in [TSlfT^ . It could, moreover, be the case that the higher-curvature terms induce additional 
potential terms. We will show in the next subsection that this is not the case when including 
o? corrections both in the background solution and in the eleven-dimensional action. 


2.3 Scalar potential 


In this subsection we discuss the derivation of the scalar potential for the Kahler structure 
fluctuation hn® introduced in (I2.16p . As already pointed out, we expect a flux-induced scalar 
potential for all fluctuations that do not respect the primitivity condition fl2.14p . 

To begin with we consider the terms containing C without derivative. Considering the pure 
three-dimensional space-time part for C one easily sees 

1 


J {^CaGaG + a Xs) 


pot 


= 0, 


(2.19) 


which can be traced back to the fact that this combination is proportional to the tadpole 
constraint fl2.12p . A pure flux-induced potential term arises from the reduction 


/ 


1 


Ga^G 


= -a 


pot 


[ Hi [ icA.-G, 

JMs JY4 2 


( 2 . 20 ) 
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where *' is the Hodge star of the perturbed internal metric fl2.18l) . In order to derive the 
full flux-induced potential, however, we need to also dimensionally reduce the higher-curvature 
terms. Inserting the fluctuated ansatz into the /^'^-corrections to the eleven-dimensional action 
we find 


f = f * 3 ^ 1 

J JM3 J 

^1536 C 4 - 768 5n*hn-^ (VaV“Z) l) 

f —eiieiiR^*l= f X- 3 I / 
1 24 Jm3 j 

" 1536 C 4 . 

Ui 


( 2 . 21 ) 


We thus encounter the integral over the forth Chern-form C 4 = cind fl2.12p can be 

used to replace these terms with a flux-dependent contribution proportional to fy^ G a G. Fur¬ 
thermore, there appears to be an additional mass term for the fluctuations hn* involving the 
higher-curvature invariant Z. However, we still need to dimensional reduce the zeroth order 
action inserting the ct^-corrected background solution. Performing this reduction one hnds 


f Ril=a^ f *^1 f 768(5nW(VaV“Z)a;, 

J Jm 3 JYi 


I 1 ' 


( 2 . 22 ) 


which precisely cancels the Z-dependent mass-term arising from the higher-curvature reduction 
in Horn . 


In summary, adding all terms fl2.19l) - fl2.22l) one finds the scalar potential term 


V = f f Uga*'G-GaG) . (2.23) 

JMs JYi 2 V ) 

This term has to be still Weyl-rescaled to bring the action into the three-dimensional Einstein 
frame. The rescaled result will be given in fl2.26p . As expected one can check that the scalar 
potential vanishes for primitive ( 2 , 2 )-fluxes, i.e. for all ( 2 , 2 )-fluxes satisfying GmnpsJ'^^ = 0 . 
This condition generically fixes a number of deformations hn* in the vacuum. Note that this is 
the only effect stabilising moduli at order in our setting. 


2.4 Three-dimensional effective action 

Having discussed the scalar potential, we now recall the complete three-dimensional effective 
action for the fluctuations hn* and vectors A* following [7]. It was shown in this work that it 
takes the remarkably simple form 


- (Fkin + ‘S'cs + 5'pot , 


(2.24) 


with kinetic terms given by 
1 

IM 3 


Fkiti - 




-R*1--{G^ 
2 2 


,^+VT^KlKj)DRA*Dv^-- 




(2.25) 
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and flux-induced Chern-Simons terms and scalar potential given by 

Scs= f S^ot = -a^ [ *3l [ ^(GaAG-GaG) . (2.26) 

Jms 2 Jm 3 JYi 8 V^ V ) ^ ' 

The Chern-Simons terms are dependent on the fluxes via 0jj = | GAUiAUj. In the following 
we introduce the remaining coefficient functions appearing in fl2.24p . 


To begin with, as in the leading order reduction, we use the quadruple intersection numbers 
Kijki = Jy^ ^ to define 

V = ^Kijkiv'-v^v'^v ^, Ki = ^Kijkiv^v'^v ^, Kij = ^Kijkiv'^v^ Kijk = Kijkiv^ . (2.27) 

Here we have used the fully fluctuated n* defined in fl2.18p . In the background they take the 
value Vq. In this case we write, for example, V as Vq and Ki as K^. Vq is simply the background 
zeroth-order volume of I 4 also given by Vo = >*-l. 

Starting with the classical couplings, one can next include the warp-factor. It turns out to 
be convenient to define the warped volume and the warped metric as 

Vw = f *1, G^ = ^ f a . (2.28) 

Jy 4 2]/iv Jy4 


The dimensionally reduced action also contains the first derivatives of the warp-factor with 
respect to the moduli nh They appear only through a covariant derivative 


Dv^ = dF + a‘^—dv^ vi f . 

Vo JYi 


(2.29) 


The significance of this fact will be discussed in detail in subsection 12.51 where we will recall 
the invariance of the action under a moduli-dependent scaling symmetry. Finally, in order to 
present to full result 02.241) we have to include the corrections due to higher-curvature terms. 
We first define 


Zm.m.n.n. ~ 


4! 


_ _ pmiminini prri2m2n2n2 0^.37713^3713 

^mrrira\rri\rn2rri2rn^rri^^nnninin2n2n^n^-^ ^ ^ 


This tensor satisfies the identities 


(2.30) 


^mmnn ~ ^nmmn ~ ^mnnm ? 


V7^7 _ _-V7^7 _ _-n 

V ^mmnn ~ V ^mmnn ~ 


and is related to the third and fourth Chern-form C 3 , C 4 as 

1 


("•C 3 ) mm 5 

X- (C3 A OJi) = , 


Z = l2Zm"^ = *{jAC3), 
X-C4 , 


(2.31) 


(2.32) 


with Z already given in (I2.3p . 
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The tensor Z^nrs is the basic building block to display the corrected metric Gfj, the coupling 


and the volume Vt- Explicitly they take the form 

1 


Gj, = Gjy + 256a' 


1-3 


Jy, 


f Z*1 f , 

JY4 JY4 


, , , ,nm , 1 


-256a' 


- f 

Vo Jy, 


7/1 _/ 5^^ J_ 1 9 7 _ 


*1, 


Ki = KUa- 


f 

JY4 


^(3iy - 128Z) =(-1 - 1536Z^f,a;f™ =(-1 
V( 


0 


Vj' — Vw + 256a^ f Z * 1 ^ 

JY4 


(2.33) 


where all quantities are evaluated in the background Vq. The coefficients in the expressions for 
Gjj,Kf, and Vt first appear to be unrelated. However, they are in fact precisely taking values 
so as to ensure the identity 

_ _ _ 1 . 1 . 

(2.34) 


(Gj + V-YKjKj) = Gl,(S‘ - - -i-t-SAp , 

Vo Vo 


which holds in the background Vq. As we will demonstrate in the next section, this identity 
is one of the crucial ingredients to ensure supersymmetry of the three-dimensional effective 
action. 


2.5 Warp-factor scaling symmetry and integration 


In this subsection we will have a closer look at the couplings in (I2.24p . In particular, it was 
observed in [7] that the three-dimensional effective action permits a scaling symmetry involving 
the rescaling of the warp-factor. More precisely, the action turns out to be invariant under the 
symmetry 


IV-> IT + A , 


n* -»■ e . 


(2.35) 


for any scalar function A = A(n*) that can be space-time dependent. The scalars n* in fl2.24p 
therefore have to appear with a covariant derivative (I2.29h . which can be extended to include 
the fluctuations by writing 


Dv^ = dv^ + v\ w■ = - T d.W * 1 . (2.36) 

V Jy4 


It is conceivable that this scaling invariance persists beyond the a-order testable in the current 
reduction. It is also interesting to note that one can introduce a potential W for the connection 
in fl2.36p as 






(2.37) 
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where J = v'^Ui contains the flnctnated Kahler moduli. 


The scaling symmetry hxes a number of the warp-factor dependent terms in (I2.24p and one 
readily infers a potential W that appears in these couplings. However, there is one contribution 
proportional to /y^ Wui Aojj a J a J that appears to be special. It arises by expanding 


= -—Ki. + -^KiK. ^ 

2 V ^ 2V2 ^ 


4V A 


WUi AUJ^ A J A J + - 

* J 2V2 ^ 


/ 


1 


where we have used 0 


1 1 o 

* Ui = - Ui A J A J + - KiJ 

2 6V 


(2.38) 


(2.39) 


At hrst, one might have suspected that all terms in (12.381) arise as derivatives of W as well. 
However, evaluating^ 


r yo 1 r 

dj J Wui A = SlK.Wj + Sly KiJ , djWi = {didjW)J^ , (2.40) 

one infers that there is no term proportional to J Woji a uj a K. This is a first example of a 
situation where one can connect couplings with zero and one index, but new structures arise 
at the two-index level. We discuss similar issues arising in the higher-derivative sector next. 


In order to integrate terms in the higher-derivative sector, one might want to start with the 
scalar function 

(2.41) 




where we have used (12.321) and view as a function of the fluctuated moduli nh It is then 
straightforward to derive 


= diZ 



Ui A C3 



=^1 , 


(2.42) 


where we again inserted fl2.32p . Note that when written with the Chern-form C 3 it is obvious 
that Zi is actually constant such that djZi = 0. Thus, in complete analogy to the warping 
terms, there appears to be no obvious potential that admits the two-index terms 




ZUi AUj A J A J , 


(2.43) 


as derivatives. We will have to address precisely these obstacles when showing the supersym¬ 
metry of the effective action in next section. 


To close this section let us point out that the two terms in (I2.43p are just part of a set of 
higher derivative terms of the form 

vh) - /,,a' 7 ? - a n? - a'T? - , y 1441, ,^2442 nans /a; \m1m1m2m2m3m3 (O AA\ 

^ijkl ~ Jy ^ A l<-m 2 m 2 ^ >^m 2 m 2 ^i \T(r) jninin2n2n3n3 ) 

^Note that this relation only holds for harmonic forms uji. 

simple way to show the first identity is to split the integral f Wuji a oc WKi, hy using that uii a K is 
harmonic. 
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where the are defined to encode all possible index contractions of rup with Uq. The two 
terms in fl2.43l) arise when contracting a particular set of with and vK It would be very 
interesting to study the properties of such In particular, the variation of these terms with 
the moduli n* might uncover interesting relations. Furthermore, it is worth stressing that the 
terms including the contractions fl2.43p depend on the chosen forms Wj, i.e. not just on 
the class of Wj, for all appearing two-forms. In our study the ooi were always harmonic, but it 
would be interesting to check if there are linear combinations of the contractions 

that only depend on the cohomology class of the two-forms. 


3 Demonstrating the supersymmetric structure 

In this section we determine the Kahler potential and complex coordinates compatible with M = 
2 supersymmetry in three dimensions. Our starting point will be the three-dimensional effective 
action (I2.24p obtained by dimensional reduction. We discuss its supersymmetric structure both 
in the frame when working with vectors X- and in the dual frame when the vectors are replaced 
by scalars pi. 

3.1 Comparing the reduction result with Af = 2 supergravity 

It turns out to be convenient to first work with three-dimensional vector multiplets with bosonic 
fields (L®,W) and only later switch to chiral multiplets with complex scalars Tj. The kinetic 
terms of an ungauged M = 2 supergravity theory can be written as 

^kin= [ {l-R*l + ]kL^L.dUA*dL^ + ]kL.L,F^A*FA. (3.1) 

In this expression Kii^ can be determined from a so-called kinetic potential K{L) via Kj^in = 
d^idijR. Dualising the vector X- in the vector multiplet one can translate the three-dimensional 
theory into an action for complex scalars T* with kinetic terms given by a Kahler potential 
K{T,T). The action then takes the form 

5'kin = ( 2 ^ 1 - Krp.f.dTi A *dT , (3-2) 

where = dxidf^K is the Kahler metric. Note that ReTj, K and L*, K are related by a 

Legendre transform as 

R = kL^+tp^, K = k-^{T, + Ti)k , (3.3) 

where pi is the three-dimensional scalar dual to the vector A^. One can now straightforwardly 
derive that which uses the inverse of Note that K is independent of 
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the scalar pi and thus a function i^(Rerj). It is useful to recall the inverse transformation 


U 


-2K7 


(3.4) 


where Krp^ = dTiK. The theory formulated in the Tj coordinates can admit a scalar potential of 
the form 

Rpot = - f {K^^^WT,TdfT-T^)*l + e^{K^^^WTWD^-4\W^\)*l , (3.5) 

JMs 

where is the inverse of the Kahler metric Here T is a real function of the helds Ti, 

while Vh is a holomorphic superpotential in the Tj. The latter transforms non-trivially under 
Kahler transformations and therefore appears with the Kahler covariant derivative Drp.W = 
OtW + RtW. 

To read off K^iii we compare the action fl3.1l) with the result from the dimensional reduction 
(12.2411 ■ We hrst read off the coefficient of the F* a * F ^ term and identify 

. (3.6) 


Here we have used the notation /(n®)| = /(ug), i.e. the vertical dash denotes evaluation in 
the background setting all fluctuations = 0. Supersymmetry implies that for the correct 
dehnition of L*, this metric has to match the one in front of dU a *dLK Applied to fl2.24p this 
implies the relation 


Ki )(<5S + + Ug^W,^) 


dv°' 


dR 


dv^ 


dR 


(3.7) 


where >V° = >Va| is dehned in fl2.36p and evaluating in the background. Then using fl2.34p we 
hnd that 


d,U 


dR 

dv^ 



(3.8) 


where as above we abbreviate derivatives with respect to n* as = ^. It turns out to be 
complicated to integrate this condition. This can be traced back to the fact that there is an 
evaluation and, as we discuss below, the fundamental objects to dehne L® itself might be more 
involved. Nevertheless, we can already make some interesting observations. Firstly, the higher- 
curvature corrections only appear through Vr in (13.811 . One suspects that this can only be true 
in the background. In fact, we might imagine that djR contains a term 


d,U 


D V 






2Z„ 


nm ,sr k'\ 

gUJj V J 


dO) 


(3.9) 


which trivially gives zero when evaluated at Vq. Terms of this type, however, will turn out to 
be crucial in order to determine the underlying objects of the theory. In contrast, artihcially 
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switching off the higher-curvature corrections in 03.81) one hnds that the L® in the presence of 
warping actually takes the simple form 


L® = 


Vw 


(3.10) 


where Vw is the warped volume 02.28P now evaluated as a function of the perturbed v\ 

As a second requirement of supersymmetry we note that 03.31) implies 

diReT,\ = ■ (3.11) 


Using 03.6p and 03.8p we conclude that 


diReTA = Kf, + 3a‘^K?WU 


V 


* 'j 


3 2 f 

-a 

2 Jy^ 


WiOi AUj A J A J\ 


(3.12) 


-2Xa‘^^h%Za - 1536a^iA’“2," 


+ 256 q !^ / Zui AUj A J A j\ + QlAAa'^ 
JY4, ' 


X; 


nm , sr '7 _ _ 1 

LUi LUj ^mnrs ^ 5 


where Kf- and are introduced in 02.271) and evaluated at Vq. 


3.2 Kahler potential and coordinates as a 6v expansion 

In the previous section we have deduced the expressions for dL'-jdv^ and dReTjjdv'^ when 
evaluated in the background u® = Uq. We will next try to infer directly the coordinates T* and 
the Kahler potential K. In order to do this we view Tj and K as being given by an expansion 
both in a and hu® by writing 

ReT, = ReTl°^ + a'^ReT^ , ReT^ = ReTf ^| + a^-ReTl'"+ ]^djdkReT^^A6v^v^ , 

K = a:™ + + ^^djdkK^^A^vHv’^ . (3.13) 

In the following we derive as much information as possible about the coupling functions that 
appear in this expansion by comparing to the reduction result. 

As a hrst step, recall that the zeroth order result in a was already determined in [T8|fT9]. 
With our above expressions one can check that 

X™ = -31og(V) , ReTP = Kj , (3.14) 

where now V and Kj depend on the varying u®. At the next order in a we note that there are 
only few objects with zero or one index i that are non-trivial in the background. More precisely, 
one can write 

= + (3.15) 
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where Z and W are defined in fl2.4ip and fl2.37p . The constants are nndetermined at 

this point. Clearly, the constant shifts in K are nnimportant for the derivation of the Kahler 
metric. However, the form of (I3.15p might hint towards the fnlly moduli-dependent form of K. 
To fix the coefficients one might be inclined to nse the scaling symmetry fl2.35p . Together 
with the classical form of K one then infers that an invariant K reqnires /i 2 = -12. 

We can proceed similarly for the one-index qnantities. We first make an ansatz nsing all 
one-index bnilding blocks we have enconntered so far by setting 


ReTl'^'l = fiiZ, + z>2Vo>V° + + ^>4i^°>Vo , 

+ /12>V° + ^K^Zo + . (3.16) 

i/Q Ko yo 

The constant coefficients are not determined at this point, since there are no direct 

relations fixing the backgronnd valnes of Tj and diK. To fix at least some of the coefficients 
in (I3.16P one can again nse the symmetry (I2.35p . Note that Tj are proper complex coordinates 
that shonld be invariant nnder fl2.35p . This snggests that z >4 = 3 and z >2 = 0, where we have nsed 
that the leading contribntion to T* is of third power in n* as in (I3.14p . In contrast, we note that 
K shonld be invariant nnder fl2.35p . while shonld transform as a derivative and therefore 

contain the connection Wj. Using again the leading form (I3.14p and the expression (I2.37p one 
conclndes fl 2 = -12 and p ,4 = 0. 


In contrast to (I3.15p and (I3.16p the form of 9jReTf°'| and djReT-^^\ are fnlly fixed by the 
rednction and are trivially read off from fl3.13p with 


SjReTf’l = 3KfW^ + ^£wu,bLjjbJbj\ 

- 1536^K«Z« 

Vo Vo 

+256 [ ZoJi A Uj A J A j\ + 614:4: [ Zmnrs * 1 

JYi ' JYi 


(3.17) 


All other remaining terms in the expansion 03.161) are also not fnlly determined by onr resnlts 
obtained from the rednction. However, we can nse 03.4p to show that the general relation 


^dTi~ dv^dReTi' 

together with 03.16P gives 

^( 2)7 = + Kji^K^^K^^dkK^^^\dv^ 

- K^^djdkK^^^\5v^ - ^K^^dkTl^\5v^ + ^KjV^K^'^dkTp\dv^ 

+ + 0{6v^) . 


(3.18) 


(3.19) 
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From this it is straightforward to evaluate diL^ and compare the result with fl 3 . 8 p in the back¬ 
ground u* = Vq. One then infers that the coefficients in fl 3 . 16 p have to satisfy the relation 

didjReT^^^v^l - VKijkK^^diK^^'>\ + VdjdkK^^'>\ 

Wo + 18 Vo>V° + 12 Voiro Wu,au,aJaJ\ 

- 256 [ ZoOiAu.Aj aJ\+ 3072 ^iF?,ZR - 1536 ^ 77 ° 

J ' Vo ^ > ^0 

-6144 J Ui^^u;j^^Zmnrs*l\ + l536K^jf,K^^Z^ ( 3 . 20 ) 

Imposing these conditions then implies that we match the metric fl 3 . 6 p . Note that this analysis 
can be carried out independent of any gauge hxing of the scaling symmetry 02 . 351 ) . Also note 
that our hrst-order analysis does neither uniquely fix the Kahler coordinates nor the Kahler 
metric. This can be traced back to the fact that we performed the dimensional reduction only 
to leading order in the fluctuations 


In order to £x the coefficients in 03.16p further, one can try to impose conditions that might 
hold also at the higher-derivative level. For example, one may suspect that a no-scale condition 
holds even when including a-corrections to the action. In three space-time dimensions such a 
condition reads 

Kf. = A . (3.21) 

It ensures that in the scalar potential fl3.5p the negative -4|hFp term cancels for a superpotential 
independent of Tj. Using (13. 4 p and = -AKu^j one rewrites (I3.2ip as 

UKl.l^U^-A. (3.22) 


In the background this expression can be evaluated by using (I3.19p together with (I3.17p to yield 
the conditioi]§ 

= 2304^^0 - 12>V>^ . (3.24) 

Vo 

Keeping in mind that we have few objects with zero or one index, one can use this condition 
as a further motivation to make an ansatz for the Kahler potential and match the coefficients. 
This will be considered in the following section. 


3.3 Completing the Kahler potential and complex coordinates 

In this hnal subsection we comment on the completion of the Kahler potential and complex 
coordinates as a closed expression in Kahler deformations. Our goal is to replace the 5v^- 

® We note also that a similar set constraints ReTiReTj-G*-^! = UUG~j\ = L'ReTil = 4 and dk{L''KeTi)\ = 0 
can all be satisfied if we demand (13.241) as well as 

ReU^^’l = diK^^'>\- + 12>V° + 3R:°>Vo - + 2564^°Zo . (3.23) 

3 Vq V 
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expansion fl3.16p with an appropriate ansatz hinting towards the nnderlying strnctnre of the 
higher-derivative redaction. It shonld be stressed that we are only able to fnlly jnstify the 
leading terms. However, we will also discover an intrigning interplay between warping effects 
and higher-curvatnre terms. 

To begin with, let us propose an ansatz for the Kahler potential. We have noted in fl3.15p 
that there are only few objects without indices. Using the quantities introduced in fl2.37p and 
fl2.4ip we suggest 

K = -31og|^ X-l + 256/ra2^ Zx-ij (3.25) 

= -3log(V + 25Qija^Z + , 

where the functions that appear are now viewed as being dependent on the helds n*. In this 
expression we hxed the factor in front of W by the fact that K has to be invariant under the 
symmetry (I2.35p . The factor in front of the Z term is not hxed a priori and we have introduced 
the constant /i to capture this freedom. Let us stress that it is straightforward to compute the 
n® derivatives of K as dehned in (I3.25p . In particular, one hnds 

diK = . (3.26) 

Clearly, in order to compute the actual Kahler metric we also have to supplement an ansatz 
for the complex coordinates T^. The involved form of the Kahler metric determined from the 
dimensional reduction fl2.24p and the rather simple form of the Kahler potential fl3.25p as a 
function of the n* suggests that the T* have to capture most of the non-trivial information 
about the AT = 2 system. 

To get some intuitive information about Tj, we note that these coordinates are expected 
to linearise the action of M5-brane instantons on divisors Dj. In fact, as discussed in [39] a 
holomorphic superpotential of the schematic form W oc can be induced by such instanton 
effects. This implies that the Tj are expected to be integrals over divisors D^. We therefore 
suggest that they take the form 

Ti= (-e^^"^jAjAj+ 1536a'^Fe) + ipi, (3.27) 

JDi\3l > 

where Di are divisors of I 4 that span the homology The six-form Fq in this 

expression is a function of degrees of freedom associated with the internal space metric and will 
be responsible for the more complicated higher derivative structures (I2.43p . It is constrained 
by a relation to the fourth Chern form C 4 such that Fq determines the non harmonic part of C 4 
as 

C 4 = 77C 4 + iddFe . (3.28) 

This is in analogy to the quantity F 4 introduced for C 3 in fl2.7p . Note that fl3.28p leaves the 
harmonic and exact part of Fq unfixed and we will discuss constraints on these pieces in more 
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detail below. The justification of the first term in ReTj is simpler. It captures the warped 
volume of an M5-brane wrapped on Dj. In fact, the power of the warp-factor turns out to 
be appropriate to ensure invariance under the scaling symmetry (I2.35p . in accord with the 
expectation that Tj is invariant under this symmetry. Remarkably, this definition of the Kahler 
coordinates as Di integrals will help us to obtain the couplings / J a J AUiAUj, which, as 

we stressed in subsection l2.5l cannot be obtained as ^^-derivatives of the considered Ifi-integrals. 
Note that the following discussion of the warping is inspired by [33]. Here we will adapt and 
extend the arguments of [33| and include the higher-curvature pieces. Interestingly they turn 
out to complete the analysis in an elegant and non-trivial fashion. 

In order to evaluate the derivatives of Tj with respect to n* and to make contact with the 
Kahler metric found in fl2.24p . we have to rewrite the integrals over Di into integrals over 
I 4 . Due to the appearance of the warp-factor and the non-closed form Fq in (I3.27p this is 
not straightforward. In particular, one cannot simply use Poincare duality and write Tj as an 
integral over >4 with inserted a;*. Of course, it is always possible to write T* as a I 4 integral 
when inserting a delta-current localised on Dj, i.e. 

ReTi = J A J a J + 1536a‘^Fe^ a 6i , (3.29) 

where 6i is the (l,l)-form delta-current that restricts to the divisor Di. Appropriately extending 
the notion of cohomology to include currents [4U1ITT] . we can now ask how much Si differs from 
the harmonic form oji in the same class. In fact, any current Si is related to the harmonic 
element of the same class cjj by a doubly exact piece as 

Si = u!i + iddXi . (3.30) 

This equation should be viewed as relating currents. Importantly, as we assume Di and hence 
Si to be ^'-independent, the n' dependence of the harmonic form Ui and the current A* has to 
cancel such that djUi = -idddjXi. Importantly, once we determine djReTj we can express the 
result as i^-integrals without invoking currents. We therefore need to understand how each 
part of Ti varies under a change of moduli. This will also fix the numerical factor in front of 
Fg in 

In order to take derivatives of Ti we first use the fact that Di and hence Si are independent 
of the moduli n', which implies 

r A 1 

djRFFi = aJaJ+ -a^djWJ aJaJ+ a Si . (3.31) 

We next claim that we can replace Si with uii such that finally 

djReTi = - [ Aojj a J a J + -a^ f djWuii a J a J a J + 1536a^ f uji a OjFq . (3.32) 

2 J V 4 2 J V 4 ^4: 
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A J A J + -a^djWJ aJaJ+ ISSea^a^-Fg) 


Note that by using fl3.30p the two expressions 03.311) and 03.32p only differ by a term involving 
ddXi- By partial integration this term is proportional to 

J P 1 1 

Xi(-dd{e^^"^)uj A J A J + -a'^dd{djW)J A J A J + 1536a^dddjFe] . (3.33) 

V4 '2 2 ' 

It is now straightforward to see that the terms multiplying A* are simply the dj derivative of 
the warp-factor equation 02.91) . One first writes 02.91) as 


Sde^' 




= -Xidd{e^^^'^') A J A J A J - 
3 


(3.34) 


Then one takes the n-^-derivative of 03.341) by using the fact that is given via 02.10p and 
03.28p . The moduli dependence of only arises from the term involving Fg, i.e. one has 
diQs = ^3072999*^6. Hence one finds exactly the terms in 03.331) such that this A* dependent 
part of the T* variation vanishes due to the warp-factor equation 02.91) . 


9jReT* = - f a cjj a J a J + ^a^K^Wj + 1536a^ f w* a djF^ . (3.35) 

2 J V 4 9 y* 


The final expression (I3.32p is written using (I2.27p and (I2.37p as 

The L® coordinates are then computed using 03.18|) by inserting 03.26P and 03.35p . This gives 
the result 

/ 


L^= a^ {3W +256fiZ) + 1536a^ — {Zj- / JaOjFA. 
V V '' 9y4 / 


(3.36) 


It is then straightforward to derive 


djU - ^(3W + 256fiZ) - -Fi3Wj + 256fiZj) + —K^v\3W + 512^Z) 

- a^l-76S^iK^^K^^K^njZk - a‘^^76S^iK^’^KjZ^ 


V 


+ a^-1536K^^K^^K, 


mnj 


L 


V2 

*^0 


X 


J A dkFe + a' —153677"^*''FT. 

y4 


/ 

Jya 


Uj A dkFe - 0:^ — 153677 
Y 4 V 


-lik 


L 


Y 4 

J A djdkFe 


J A dkFa 


(3.37) 


This allows to determine the derivatives of F^ by comparing 
We find that 


and 03.13P with 03.37P and 


f. 

JY4 


bJi A fljFel =4 • 1 + 


f 

JY4 


Ja9*9,F6|=-4^ 


7 _ nm sr 1 




i f 

3! Jy4 

-- f 

3! Jy 4 


ZUi A Uj A J A J -4^2^- KjZi 

* J 3!V V ^ 


ZuJi A Uj A J A J 


- - (1 - p.)^KJ{,Z + (2 - ,.)lA’(iy) + 1(2 - IA)KytK'“Z, 


(3.38) 
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in order for the results to match. This implies that the Kahler potential fl3.25p and coordinates 
fl3.27p yield the metric matching with the reduction result. 

The result fl3.38p still depends on the free parameter p introduced in the Kahler potential 
(I3.25p . Clearly, one expects that such a freedom is not fundamental, but rather due to the 
fact that we are only able to partially check the result. A dimensional reduction including 
fluctuations to higher order is likely hxing /r unambiguously. Alternatively, we can impose the 
no-scale condition fl3.2ip . which we presume persists at higher curvature level. This implies 
that p = 1. 

Let us note that the dehnition contains two ambiguities. Firstly, we did not specify the 
divisor basis Di spanning 772 (^ 4 ,M). This can be shifted by a boundary of a seven-chain Tj 
without changing the class as 

A ^ A + dVi . (3.39) 

This would result in a different choice for the currents 5i and A* in (I3.3np . The result is a 
modihcation of the Af = 2 coordinates T, given in fl3.29l) . However, as we have shown above, 
only the harmonic representative of the class enters in the variation 9jTj, while A* drops out due 
to the warp factor equation. In other words, the transformation (I3.39p is actually a symmetry 
of the Kahler metric. Secondly, the constraint fl3.28p is invariant under shifts of A by six-forms 
rjQ, which get annihilated by the derivatives. In other words, one might transform 

A ^ A + he , drjQ = dr]Q = 0 . (3.40) 

Clearly, this transformation will in general not respect fl3.38p . These conditions, however, 
constrain only the harmonic part of A and allow for the the symmetry 

A ^ A + dfi4 . (3.41) 

It would be interesting to investigate the implication of the symmetries fl3.39p and fl3.4ip in 
greater detail. This is particularly interesting when including a superpotential explicitly de¬ 
pending on the coordinates Tj. 

The presence of the A term in (I3.27p implies, by the above relationship between Tj and the 
action of a probe M5-brane on A, that higher-derivative corrections are relevant in the M5- 
brane action. Corrections of this type are also required for gravitational anomaly cancellation 
[421144] for an M5-brane in the background of eleven-dimensional supergravity. From this 
anomaly analysis additional metric dependent contributions to the M5-brane action that are 
related to certain topological classes are expected, in a way similar to the relationship between 
A and C 4 . In future work it would be interesting to see if this analysis can be used to infer 
a more direct dehnition of the A part of the correction in (13.271) and so prove the constraints 
fl3.38l) that are necessary in our analysis. 
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4 Conclusions 


In this work we continued the study of the three-dimensional effective action obtained form 
dimensionally reducing M-theory on eight-dimensional compact manifolds initiated in [HIT]. 
The background solutions contain a warped product of an internal manifold Y 4 and three- 
dimensional Minkowski space. The warp-factor is induced by non-trivial background fluxes 
for the M-theory four-form held strength, but crucially contains contributions from higher- 
curvature terms of the eleven-dimensional action. Global consistency requires these to be 
included for compact internal manifolds. The required higher-curvature terms are suppressed 
by an additional factor of oc Within an a-expansion we were able to consistently include 
all required higher-derivative terms when determining the background solution and performing 
the dimensional reduction. The resulting three-dimensional action was already presented in [7j. 
In this analysis we have so far included the deformations of the Kahler structure of the geometry 
and the vector modes from the M-theory three-form. Due to the increasing computational 
complexity we performed the derivations only to leading non-trivial order in the fluctuations 
of the Kahler structure. Nonetheless we were able to identify key features of the effective 
action associated with warping and higher-derivative terms. One focus of this work was on 
demonstrating compatibility with the structure of a three-dimensional Af = 2 supergravity 
theory. 

As a hrst result we have shown that the scalar potential is only induced by background 
fluxes. Interestingly the back-reaction at order on the background solution was crucial to 
establish this result. Dimensionally reducing the relevant higher-curvature terms fl2.2ip on a 
Calabi-Yau fourfold we have found a scalar potential for the Kahler deformations purely induced 
by geometry. However, these terms cancel precisely with term from the back-reacted metric 
and led to a conhrmation of the flux-induced result of [I9]. We stress that this cancellation 
arises only due to the non-trivial eleven-dimensional Weyl rescaling involving the scalar Z cubic 
in the Riemann curvature. This rescaling can be also performed in eleven dimensions to modify 
the starting action before the dimensional reduction. 

The main focus of this work was the study of the dimensionally reduced action with respect 
to three-dimensional supersymmetry. We used the result of [7] and determined the form of 
the J\f = 2 Kahler potential K and complex coordinates T*. The hndings of [7] were only at 
lowest order in the fluctuations 6 v^, which suggested that we may hrst determine K, Ti as a 
hn*-expansion. Already in this evaluation the main complication of the dimensional reductions 
at higher-derivative level became apparent. At lowest order in a it is straightforward to take 
the huctuated result for K, and ‘integrate’ it into a closed expression depending on the 
Kahler form. It is well-known that in this case the Kahler metric, the Kahler potential, and the 
coordinates Tj only depend on topological information, namely the intersection numbers, of the 
manifold Y 4 . At order however, the result of the dimensional reduction contains couplings 
that are not topological and ‘integrating’ these couplings into closed expressions turned out to 
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be challenging. 

As a first example, we found that the three-dimensional action contains kinetic terms in¬ 
volving the warp-factor W in the integral Wui AUj a J a J. This integral is not topological 
and depends on the actual forms Ui chosen to give its expression. Throughout this work Ui 
were the harmonic representatives in the lowest order Ricci-flat metric. We have ar¬ 

gued that there is at least no obvious integral over >4 with only one free-index Ui that yields 
the above integral upon taking a n® derivative. Remarkably, at least for the warp-factor terms, 
one can hnd a way around this problem by dehning T* to be given by integrals over divisors 
Di. Our key observation was that the ^^-derivatives of the warp-factor equation allows us to 
write djTi as lA-integrals. Furthermore, this uTyariation of Tj was argued to only depend on 
the homology class of the divisor Di and not the precise representative. One might reinterpret 
this as a statement that one now has to consider not only topological integrals, but integrals 
that are ‘semi-topological’ up to usage of the warp-factor equation. We believe that a deeper 
understanding of this fact will shed more light onto the proper treatment of effective actions 
computed in warped string compactihcations. Importantly, since the warp-factor equation also 
contains higher-curvature terms, we have shown that the terms including the warp-factor and 
the higher-derivative terms cannot be analysed independently. 

The analysis of the higher-derivative terms turned out to be even more involved. Similar 
to the warp-factor terms we encountered after dimensional reduction non-topological metric- 
dependent integrals, such as fy^ Zoji a ojj a J a J and Z^nrs 1, that should arise 

from a Kahler potential. As a expansion we have shown compatibility of this metric with 
the existence of a Kahler potential and complex coordinates Tj. However, fully integrating 
these expressions to all orders in the fluctuations turned out to be challenging. We proposed 
an expression for K and Ti in fl3.25p and fl3.27p . Remarkably, the form fl3.27p of Tj is severely 
constraint by the warp-factor equation. It does, however, contain the six-form Fq, which is 
constrained by fl3.28l) and therefore contains information about the non-harmonicity of the 
fourth Chern-form C 4 in the Ricci-flat metric. The form Fq should capture the higher-derivative 
terms in the three-dimensional action, but we were not able to give its full dehnition including 
its moduli dependence. The equation fl3.28|) allows for arbitrary shifts of Fq with harmonic 
six-forms. Such shifts will in general modify Tj and cannot be a symmetry of the system. By 
matching with the result of the dimensional reduction we have found that the dehnition of Fq 
has to satisfy (13.381) . These conditions constrain the harmonic part of Fq. It would be of crucial 
importance to give an independent dehnition of Fq satisfying fl3.28|) and f|3.38p . Our hndings 
suggest already that there is a lot of structure in the higher-derivative terms appearing in the 
ehective theory. 

An immediate extension of our analysis is the dimensional reduction to next order in the 
huctuations (5u®, since it would help to further uncover the underlying higher-derivative struc¬ 
tures. While all four-dimensional couplings at the leading order in the hu®-huctuations can be 
written to depend only on the higher-curvature quantity Zmmnn a preliminary analysis to the 
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next order suggests that other higher-curvature couplings are relevant. It would therefore be 
interesting to classify the relevant building blocks in the future. 

Let us close by mentioning a further direction that deserves investigation. The presented 
results only deal with a three-dimensional J\f = 2 effective action. A natural next step is to also 
investigate the F-theory uplift of our hndings to a four-dimensional Af = 1 theory. This requires 
for the internal manifold Y 4 to be elliptically hbered. Shirking the fiber volume then yields the 
appearance of an extra circle. This limit is clearly complicated and requires the inclusion of 
further states that are not present in supergravity. However, applied to our reduction results 
the complications are even more immediate. In fact, it is an interesting open question how 
non-topological terms, for example including the warp-factor, are lifted to four space-time 
dimensions. 
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